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Abstract: Using a multi-field stochastic approach, we investigate the vacuum expectation
value (VEV) during inflation of a scalar field charged under a mildly broken global U(1)
symmetry that can play the role of baryon or lepton number, or possibly a dark baryon
number or a combination of the three. Even for a CP invariant Lagrangian, the stochastic
distribution of inflationary VEVs in general breaks CP spontaneously, allowing for successful
baryogenesis via the Affleck-Dine mechanism. For the Hubble scale during inflation H∗ as
high as 1013 GeV, we show that the post-inflationary relaxation of the charged scalar with
stochastic initial conditions can explain the observed baryon asymmetry, and that a charged
scalar mass at the order of H∗ is favored by the isocurvature constraints.
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1 Introduction
Inflation creates a nearly perfect de Sitter background spacetime in the standard single-field
framework and this prediction followed by the slow-roll paradigm has been strongly sup-
ported by measurements of the cosmic microwave background anisotropy [1]. The Hubble
parameter during inflation, H∗, serves as the fundamental scale that uniquely character-
izes such a de Sitter background. With the current constraint H∗ < 6.6 × 1013 GeV (for
the pivot scale at 0.002 Mpc−1), H∗ seems to be a natural unit for measuring the size of
quantum fluctuations during inflation or the vacuum expectation value (VEV) of quantum
fields. For a scalar field with a mass m . H∗, a non-trivial VEV inevitably occurs due
to the condensation of long-wavelength fluctuations against the high energy background
expansion, and this process can be formally described by the stochastic inflation approach
[2–9]. 1
An extremely large VEV developed during inflation, possibly far above the electroweak
scale of the Standard Model of particle physics, has important applications to scenarios of
generation of the observed baryon asymmetry in our Universe. For example, the pioneering
study by Linde [23] uses inflationary VEVs in the context of the chaotic inflation as initial
conditions for baryogenesis via the Affleck-Dine mechanism [24] (for a review, see [25,
26]). The baryon asymmetry could also convert from the lepton sector with asymmetric
1Stochastic inflation is in particular a compelling method for tackling over non-perturbative quantum
corrections to observables residing in inflationary correlation functions [10–22].
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chemical potential in the thermal equilibrium induced by the coherent relaxation of a scalar
condensate in the post-inflationary epoch [27–33]. Candidates for the scalar condensate
include the Standard Model Higgs [27] or an axion field [28], as long as the field potential
is shallow enough to produce a sizable VEV (& H∗) by the end of inflation.
One of the most remarkable features of a scalar condensate relaxation from inflationary
VEVs is that a net baryon number can be generated in a local region of the Universe
from a C/CP invariant theory [25, 34]. More precisely, the C/CP symmetry is preserved
only at the Lagrangian level, whereas physical solutions in the cosmological background
do not necessarily respect the primary symmetry of the Lagrangian (a similar idea as the
spontaneous T violation [35]). In this work, physical solutions of our interest are VEVs of
charged scalar fields obtained by the stochastic inflation approach. We aim to clarify the
role of spontaneous C/CP violation among the random distribution of initial VEVs and its
implication to the final baryon number asymmetry.
Previous investigations [25, 34] have demonstrated baryogenesis through a CP invariant
model by considering a charged scalar with a mass m H∗ and with small self-interactions
that violate the baryon number with real coupling constants. The scalar potential may or
may not exhibit a flat direction (depending on the coupling constants), and the VEV during
inflation can be estimated by the massless or the massive (or the self-interacting) formula,
depending on the presence of a flat direction. However, the composition of the inflationary
VEVs considered in [25, 34], essentially based on single-field stochastic approach, are in-
sufficient to obtain information associated with the spontaneous CP violation. As we will
show in this work, the final baryon asymmetry is determined by the amount of CP violation
residing in the initial VEV, with the probability distribution of the latter depending on the
coupling constants.
In order to fully take into account the CP violation generated by the inflationary VEVs,
we construct a multi-field stochastic formalism, based on the previous works [9, 36], for a
charged scalar field φ with a mildly broken U(1) symmetry. This global U(1) can be
associated with the baryon or lepton number (B or L) for the visible-sector particles, the
ordinary B − L, or it can be a combination of baryon numbers from both the visible and
dark sectors (for a review, see [37]). In Section 2, we firstly choose the coupling constants
such that the stochastic equations for the standard decomposition φ → φR + iφI are fully
decoupled between the two components φR and φI . Solutions of φR,I are thus given by
the single-field formalism [9], and these solutions are used to confirm the results of the
multi-field formalism in the polar representation φ→ Reiθ.
We then extend the study to cases with general coupling constants, where inflationary
VEVs can only be obtained by virtue of the multi-field formalism. We provide in Section 3
both the numerical and the analytical results of the final baryon asymmetry YB estimated
at the end of reheating. We clarify the difference between the local value YB(R0, θ0) and
the global value 〈|YB|〉, where the former depends on the amount of CP violation in the
initial VEVs, namely {R0, θ0} obtained from the stochastic inflation, and the latter is closely
related to the real observable that has been averaged over the probability distribution in
both the R and θ directions. Due to the stochasticity of the θ distribution under mild
U(1) symmetry breaking, the global value 〈|YB|〉 is not restricted by the correlation length
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Rc of the VEVs in the radial direction R, 2 where Rc is characterized by the scalar mass
m [9]. We explore the isocurvature constraint for the baryogenesis with stochastic initial
conditions in the mass range 0 < m/H∗ . 1, as shown in Section 4. Finally, a summary
discussion is given in Section 5.
2 Stochastic inflation with CP invariance
The accumulation of long-wavelength fluctuations in a scalar field during inflation gives rise
to a coherent condensate proportional to the inflationary Hubble parameter H∗. Since H∗
could be as high as 1013−14 GeV, the scalar field in general gain a sizable vacuum expectation
value (VEV) during inflation, depending on the exact form of its potential. These large
VEVs provide desirable initial conditions for the baryon production via the relaxation of a
scalar condensate in the post-inflationary Universe. The Affleck-Dine baryogenesis [24] is
a typical scenario of this class. (See also [38–44] for the Affleck-Dine baryogenesis led by
inflaton or heavy fields during inflation.)
One of the attractive features of baryogenesis from the inflationary condensate of a
charged scalar is that the scenario can be constructed out of a CP invariant theory [23, 25,
34]. The basic idea is that even if the probability average of the baryon number density
vanishes, namely 〈nB〉 = 0, as a consequence of the CP invariance, the expected variance
〈n2B〉 is non-zero due to the stochastic distribution of the quantum fluctuations during
inflation that give rises to spontaneous CP violation. Baryogenesis is realized in a local
patch of the Universe via renormalizable interactions that break the baryon number [34].
The condensation of scalar fields in de Sitter spacetime can be computed by the so-called
“stochastic inflation” formalism, and the derivation of the basic equations applied in this
work can be found in [9]. Previous efforts on the multi-scalar generalization of stochastic
inflation are given in [7, 19, 20], and see [36] for the cases with continuous symmetries.
In order to apply stochastic inflation for baryogenesis, we require an extended multi-field
formalism with a mild-breaking of the continuous symmetry.
As a simple model, we consider a complex scalar field φ with subdominant density
during inflation, and the Lagrangian of φ is given by
L = |∂µφ|2 −m2|φ|2 + δL, (2.1)
where δL can include all possible higher-order interactions. In the limit of δL → 0, the
theory has a conserved current
jµB = i (φ
∗∂µφ− φ∂µφ∗) , (2.2)
which is referred to as baryon number. The mass scale m may be new physics associated
with the Hubble parameter of inflation H∗, thus the mass term dominates the field potential
so that there is no special “flat direction.” In the standard paradigm of inflation, φ reaches
the equilibrium state as a massive field with the expectation value 〈φ〉 = 0. When δL = 0,
the baryon number density nB = j0B = 0.
2By “global value” we mean the ensemble average of the variance 〈Y 2B〉, which is referred as the “local
value” in the Appendix A of [34].
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The presence of δL breaks the phase symmetry φ → eiαφ of the theory and thus
violates the baryon number. The baryon violating interactions may be led by a set of
quartic couplings as
δL ⊃
2∑
m=0
λm
(
φ4−mφ∗m + c.c.
)
, (2.3)
where λm are small coupling constants (λm  1) of the same order. To make a concrete
illustration of the basic idea in this scenario, we firstly set λ2 = λ0 = 0 and focus on a
specific quartic coupling of the form
δL = λ1
(
φ3φ∗ + φ∗3φ
)
. (2.4)
After clarifying the mechanism for baryogenesis we can easily extend our conclusion to all
other types of interactions. We restrict ourselves to the case with =[λm] = 0 so that the
theory is CP invariant. In a spatially homogeneous background, the equation of motion in
an expanding Universe reads
φ¨+ 3Hφ˙+m2φ = λ1
(
φ3 + 3φ∗2φ
)
. (2.5)
We will perform two kinds of decomposition of the charged scalar as
φ =
1√
2
(φR + iφI) =
1√
2
Reiθ, (2.6)
where the first representation is the standard decomposition commonly used in previous
works [24, 25, 34]. For some specific baryon violating interactions, such as (2.4), the first
representation can lead to decoupled equations of motion for φR and φI . In such a case, the
baryon asymmetry can be readily estimated by the unique VEV computed in the decoupled
system. As shown in the following sections, the second representation in terms of R, θ is
more convenient for the discussion of baryon asymmetry with general interactions where
the two scalar modes are mixed in the equations of motion.
Following the standard procedure of the stochastic inflation [9], one separates the long
and short wavelength modes of φ and treats the short-wavelength modes as stochastic
noises to the slow-roll equation of the long-wavelength modes. The probability distribution
function (PDF) ρ[φ] of the charged scalar then obeys the multi-field Fokker-Planck equation
[9, 36]:
∂
∂t
ρ[φ] =
1
3H
~∇ ·
(
ρ[φ]~∇V (φ)
)
+
H3
8pi2
∇2ρ[φ] = ~∇ · ~J, (2.7)
where the field derivative ~∇ is defined with respect to the field space of the chosen represen-
tation (2.6). For the standard representation ~∇ ≡ ∂ˆφR+∂ˆφI and for the polar representation
~∇ ≡ ∂ˆR +R−1∂ˆθ. ~J is the probability current given by
~J =
1
3H
ρ~∇V + H
3
8pi2
~∇ρ. (2.8)
– 4 –
V (φ) is the effective potential in the classical equation of motion of φ. The existence of an
equilibrium state corresponds to a constant solution that satisfies ∂tρ = ~∇· ~J = 0 at t→∞.
The equilibrium state is a good approximation if the relaxation time scale τrex ∼ Λ−10 is
much smaller than the duration of inflation, where Λ0 is the lowest non-vanished eigenvalue
among the eigenstates of ρ[φ] [9] (see also Appendix A).
2.1 The standard representation
We are mostly interested in the cases where the right-hand-side of (2.5) is perturbatively
small, where the system exhibits two weakly coupled scalar degrees of freedom. Adopting
the first decomposition in (2.6), the classical equations of motion (2.5) are
φ¨R + 3Hφ˙R +m
2φR = λφ
3
R, (2.9)
φ¨I + 3Hφ˙I +m
2φI = −λφ3I , (2.10)
where we use λ = 4λ1 for convenience. Note that for the specific interaction (2.4) the two
scalars are fully decoupled in this representation.
Since V (φR, φI) = VR(φR)+VI(φI), one can solve the Fokker-Planck equation by using
the separation of variables ρ[φR, φI ] = ρR[φR]ρI [φI ]. It is easy to see that (2.7) becomes a
pair of decoupled equations for φR and φI . In the limit of λ → 0, the expectation values
are 〈φ2R〉0 = 〈φ2I〉0 = 3H4∗/(8pi2m2) readily given by the single-field cases [9]. These are our
expectation values at the zeroth order.
To find out the corrections due to a non-zero λ  m2/〈φ2〉0, we derive the effective
potentials from the classical equations of motion as
VR(φR) =
1
2
m2φ2R −
λ
4
φ4R, and VI(φI) =
1
2
m2φ2I +
λ
4
φ4I . (2.11)
For λ > 0 (λ < 0), VR (VI) is meta-stable, therefore one has to take into account the
condition that the escape rate from inside the potential is highly suppressed during inflation.
We provide the detailed computation of 〈φ2R,I〉 in Appendix A. The results are
〈φ2R〉 =
3H4∗
8pi2m2
(
1 +
9λH4∗
8pi2m4
)
, (2.12)
〈φ2I〉 =
3H4∗
8pi2m2
(
1− 9λH
4∗
8pi2m4
)
,
for λ m4/H4∗ . These solutions are the expectation values of the initial conditions for the
relaxation of φR,I after the end of inflation. Note that in this representation the baryon
number density is
nB = φRφ˙I − φI φ˙R. (2.13)
Since equilibrium states are time-independent until the end of inflation, we have the initial
condition φ˙R = φ˙I = 0 for the relaxation of the field condensate. One can see that the
presence of a non-zero VEV for φI in the initial condition (2.12) generally leads to a different
dynamics for φ and φ∗, which implies a spontaneous breaking of the CP invariance. As a
result, a non-zero baryon number nB can be generated after φR and φI start in motion.
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2.2 The polar representation
The second representation φ = Reiθ/
√
2 in (2.6) provides a more systematic understanding
on the generation of baryon number with general baryon violating interactions (see also
[45, 46]) since the decoupling of the equations of motion may not be always possible. Given
that δL breaks the U(1)φ symmetry, we have a mixed PDF ρ = ρ[R, θ] for the two random
fields to be obtained from (2.7). Note that in the polar representation, ~∇ = ∂ˆR + R−1∂ˆθ
and ∇2 = R−1∂R(R∂R) +R−2∂2θ .
If we are only interested in the PDF with respect to the lowest eigenvalue, it is useful
to obtain the solution via the probability current ~J [47]. The condition for the existence of
a (quasi-)equilibrium state indicates that ~J is a constant and thus ~J → 0 at the boundary
of the potential leads to the solution of (2.8) as
ρ[R, θ] = exp
[
− 8pi
2
3H4∗
V (R, θ)
]
/Σ, (2.14)
where the effective potential including the specific interaction (2.4) reads
V (R, θ) =
1
2
m2R2 +
λ
2
R4 cos(2θ). (2.15)
In terms of the dimensionless parameters r = R/H∗ and r0 ≡ (3H2∗/(4pi4m2))1/2, the
normalization constant Σ is defined as
Σ =
∫ 2pi
0
∫ r∗
0
exp
[
−r
2
r20
− 4
3
pi2λr4 cos(2θ)
]
rdrdθ, (2.16)
which ensures
∫ 2pi
0
∫ r∗
0 ρ[r, θ]rdrdθ = 1. The upper limit r∗ is in general θ-dependent since
λ cos(2θ) changes sign every npi/4. For λ cos(2θ) < 0, V (R, θ) is meta-stable so that
r∗ shall satisfy the condition for the stability of the quasi-equilibrium state. As shown in
Appendix A, this gives a conservative upper bound r∗ ≤ m/(
√|λ cos(2θ)|H∗). Of course we
expect higher-order corrections or new physics that stabilizes the potential to be important
at a value of r which does not depend on θ.
On the other hand, if r∗ is chosen such that 43pi
2λr4∗  1, we may use the approximation
to obtain
Σ '
∫ 2pi
0
∫ r∗
0
e−r
2/r20
(
1− 4
3
pi2λ cos(2θ)r4
)
rdrdθ (2.17)
= pir20
(
1− e−r2∗/r20
)
. (2.18)
In this regime, the variance can be computed analytically〈
r2
〉 ' 1
Σ
∫ 2pi
0
∫ r∗
0
e−r
2/r20
(
1− 4
3
pi2λ cos(2θ)r4
)
r3drdθ, (2.19)
= r20
(
1 +
r2∗
r20
1
er
2∗/r20 − 1
)
. (2.20)
Note that r20 = 3H2∗/(4pi2m2) is nothing but the expectation value
〈
r2
〉
in the case with
λ = 0, and
〈
r2
〉 → r20 in the limit of r2∗/r20 → ∞. We require r2∗/r20  1 in the following
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discussion. The correction to
〈
r2
〉
due to the baryon violating interaction enters from
O(λ2). It is also easy to check that 〈cos2 θ〉 = 1/2− 23pi2λr40 following the linear expansion
of the λ-correction for the PDF ρ[r, θ]. The angular distribution is nearly homogeneous as
the baryon-violating coupling is small.
Remarkably, the VEVs φR0 ≡ ±〈φ2R〉1/2 and φI0 ≡ ±〈φ2I〉1/2 given by (2.12) with the
leading order correction of O(λ) correspond to the specific VEVs in the polar representation
as R20 = φ2R0 +φ
2
I0 ≈ r20H2∗ and θ0 = tan−1(φI0/φR0) = npi/4 +O(λ). In the limit of λ→ 0
it appears θ0 → npi/4, yet the restored Uφ(1) symmetry is equivalent to imposing a shift
symmetry in the angular direction (θ0 → θ0 + c). The presence of a non-zero λ leads to a
mild deform on the probability distribution of the angular VEV but an important difference
on the resulting baryon asymmetry via different values of θ0. We will clarify this point in
the next section.
The above expectation values will be used as initial conditions for solving the relaxation
dynamics in the post-inflationary epoch, where the classical equations of motion in the polar
representation are
R¨+ 3HR˙+
(
m2 − θ˙2
)
R = λR3 cos(2θ), (2.21)
θ¨ +
(
3H + 2
R˙
R
)
θ˙ = −λ
2
R2 sin(2θ). (2.22)
The baryon number density is given by
nB = R
2θ˙. (2.23)
Since in this approximation the equilibrium state is constant in time, we have the initial
conditions R˙ = θ˙ = 0. Thus the baryon production is equivalent to the generation of a
non-zero θ˙ in the post-inflationary relaxation of the field condensate.
3 Relaxation baryogenesis and spontaneous CP violation
As inflation ends, the coherent field condensate is no longer in equilibrium with the cosmic
expansion so that it starts to relax towards the potential minimum. The baryon production
via the relaxation of a coherent scalar condensate is familiar in the Affleck-Dine scenario [24].
To compute the baryon production for general interactions that may lead to a mixed equa-
tions of motion, we adopt the formalism based on the polar representation. In pioneering
works [25, 34], the baryon asymmetry are usually estimated by the standard representation
with |φR0| ≈ |φI0|, which in fact corresponds to the specific angles θ0 ≈ npi/4 in the polar
representation. We show that the baryon asymmetry led by θ0 ≈ npi/4 is indeed a good
approximation for specific interactions, such as (2.4), but in general the angle of dominant
baryon asymmetry can be different with other kinds of interactions. Having worked out
the probability distribution function via stochastic inflation, in this section we address the
expected baryon asymmetry from reheating to the beginning of radiation domination.
Reheating background. For the background dynamics we consider the typical paradigm
where inflation is followed by a matter dominated epoch due to the coherent oscillation of
– 7 –
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Figure 1. The reheating temperature T as a function of time t. The dotted line is the time for the
maximal temperature and the dashed line is the starting time for the radiation domination.
the inflaton field (preheating). During preheating the decay of inflaton into radiation is
characterized by the decay width ΓI . With the initial energy density of the inflaton being
ρI(t0) = 3M
2
PH
2∗ = Λ4I , the reheating of the Universe is described by
ρ˙I + 3HρI = −ΓIρI , (3.1)
ρ˙R + 4HρR = ΓIρI , (3.2)
where ρI is the smoothed energy density of the inflaton and ρR is the radiation energy
density. The density of the φ field is always negligible so that the Hubble parameter is
H2 = (ρI + ρR)/(3M
2
P ). This gives the analytic solution
ρI(t) = Λ
4
Ia
−3(t)e−ΓI(t−t0), (3.3)
where a(t0) = 1 is used. ρR can be solved numerically with the analytic solution of ρI . One
can approximate the temperature as a function of time via
T (t) =
(
30
pi2g∗
ρR(t)
)1/4
, (3.4)
where g∗ = 106.75 is the relativistic degrees of freedom at a temperature higher than
300 GeV. The maximal temperature of reheating Tmax = T (tmax) occurs around the time
tmax ≈ 2/(3H∗). The time for the beginning of the radiation domination is tR ≈ 1/ΓI .
In Figure 1 we give an example of the temperature evolution with ΛI = 1016 GeV and
ΓI = 10
12 GeV. This initial energy density corresponds to H∗ = 2.37× 1013 GeV.
We can solve the relaxation dynamics of the charged scalar, with the background ex-
pansion led by (3.1), via the decoupling representation (2.9) and (2.10), or the polar repre-
sentation (2.21) and (2.22). As an example we show in Figure 2 the evolution of {φR, φI}
with λ = 0.12, m = 0.5H∗ based on the background given by Figure 1. The initial con-
ditions for φR,I are given by (2.12). The final baryon asymmetry diluted by the entropy
production s = 2pi2g∗T 3/45 during reheating is
YB(t) =
nB(t)
s(t)
=
45
2pi2g∗
nB(t)
T 3(t)
, (3.5)
where nB(t) is evaluated by (2.13). As shown in Figure 3, the maximal baryon asymmetry
is generated around the onset of the field oscillation at tosc = H−1osc ' m−1.
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Log10[H*t]-0.1
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0.2
0.3
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ϕ/H*
Figure 2. Relaxation of the field condensate with m = 0.5H∗ and λ = 0.12 from the decoupling
initial condition (2.12).
R-θϕR-ϕI
-4 -2 0 2 Log10[H*t]-11.0
-10.0
-9.5
-9.0Log10[YB]
Figure 3. The baryon number density as a function of time with m = 0.5H∗ and λ = 0.12. The
parameters are ΛI = 1 × 1016GeV and ΓI = 1012GeV. The vertical dashed line is the time for
the beginning of radiation domination. The initial conditions for {φR, φI} are given by (2.12) and
{R0 = r0H∗, θ0 = pi/4} are used.
Spontaneous CP violation. In the case with mild U(1)φ symmetry breaking, the angular
mode (namely θ in the polar representation) is nearly a massless field whose VEV remains
a stochastic variable at the end of inflation. As long as the field relaxation starts from
an initial value θ0 with non-zero angular gradient (namely ∂θV 6= 0 at θ0), a non-zero
angular velocity θ˙ will convert from the potential energy and thus result in non-zero baryon
number in the local patch of the Universe. 3 This is the consequence of the spontaneous CP
violation led by the initial condition θ0. Note that the interaction (2.4) is invariant under
the rotation φ → φ einpi/2 where θ = npi/2 are special angles that preserves CP. Similarly,
the λ0 interaction in (2.3) preserves CP at θ = npi/4.
The baryon production (from a local initial condition {R0, θ0}) in this scenario can
be schematically divided into two stages. The first stage is the creation of a net baryon
number when t < tosc ' m−1. To calculate the generation of baryon number it is more
convenient to use the polar representation and focus on the dynamics of θ˙ via the baryon
violation source on the right-hand side of (2.22). Since H & m in this stage, the friction
due to the expansion of the Universe implies that R is slowly decreasing from the initial
condition R0 and thus H  R˙/R so that θ = θ0 is essentially a constant during this stage.
3The size of the local Universe with the same baryon number is characterized by the correlation length
of the inflationary condensate led by R0 [9, 34]. However, the theory has no predictability on the local
baryon number, due to the stochasticity of the initial VEV θ0.
– 9 –
-1.×10-10 -5.×10-11 0 5.×10-11 1.×10-10
-1.×10-10
-5.×10-11
0
5.×10-11
1.×10-10
|YB| cos θ0
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n
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Figure 4. A scan of the final baryon asymmetry |YB | as a radial function of θ0 ∈ [0, 2pi] at the fixed
value R0 =
√
3H4∗/(4pi2m2) = r0H∗, where YB = YB(R0, θ0) is the numerical result at reheating
complete with respect to initial conditions {R0, θ0}. We use m = 0.5H∗. The coupling parameters
are λ0 = 0 and λ = 4λ1 = 0.12 (green-solid line). The dots correspond to θ0 = npi/8.
At the onset of the field oscillation at t = tosc ' m−1, (before θ receives a kick) θ acquires
a small but non-zero angular velocity θ˙osc ≡ θ˙(tosc) ≈ λ6H∗R20 sin(2θ0) for θ0 6= npi/2. As
shown in Figure 3, the baryon number density nB(t) reaches its peak value at t ≈ m−1
and this can be estimated as |nB| ≈ λR40 sin(2θ0)/(3H∗), which is a good approximation
for m > 0.5H∗. We expect that the baryon number is mainly created at θ ≈ npi/4 with
n = 1, 3, 5, 7, where CP violation is maximal. A scan of the θ0-dependence of the resulting
asymmetry YB(R0, θ0) is given as the green-solid line (with λ = 4λ1 = 0.12) in Figure 4
for the initial condition R = R0 =
√
3H4∗/(4pi2m2). The maximal asymmetry exhibits a
small deviation from θ0 = npi/4 due to the small baryon violating corrections. Note that
our definition gives YB < 0 for θ0 = pi/4 or 5pi/4, and in the polar representation we use
(2.23) for nB. Figure 3 shows that the baryon asymmetry |YB| generated from the initial
conditions {R0 = r0H∗, θ0 = pi/4} agrees with that from the initial condition (2.12) in the
decoupling representation, where R20 = φ2R0 + φ
2
I0.
The second stage is the dilution of baryon asymmetry from the onset of field oscillation
to the complete of reheating for tosc < t < tR. As R starts to oscillate across the origin,
the angular velocity θ˙ evolves with sharp oscillations. Let us define µθ ≡ 3H + 2R˙/R and
rewrite (2.22) around R→ 0 as
θ¨ + µθθ˙ ≈ 0. (3.6)
The solution takes the form of θ˙ ' θ˙osce−
∫
µθdt. Since µθ ≈ 2R˙/R when R → 0, the sign
of µθ is the same as the sign of R˙. As shown in Figure 5, θ˙ obtains a spiky enhancement
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Figure 5. Relaxation of the field condensate in the polar representation with m = 0.5H∗ and
λ = 0.12. The initial conditions are R0 =
√
3H4∗/(4pi2m2) = r0H∗ and θ0 = pi/4. The green-dotted
line is the analytic approximation θ˙R = λR20/(2m). The vertical dashed line is the time for the
beginning of radiation domination.
each time when µθ turns into negative values, and the most important enhancement of
θ˙ is led by the first oscillation period where |µθ| has the largest amplitude. Due to the
damping of the oscillating amplitude of R, the exponential enhancement with µθ < 0 is not
perfectly canceled out by the exponential decay with µθ > 0 and thus θ˙ is further lifted
from θ˙osc at the end of reheating. The final value θ˙R ≈ θ˙oscH∗/m is a good approximation
for m ≤ H∗. The approximation for the case with m = 0.5H∗ and θ0 = pi/4 (maximum CP
violation) so that θ˙R ≈ λR20/(2m) is depicted by the green-dotted line in the right panel
of Figure 5. Note that the baryon density nB(t) is decreasing during this stage despite θ˙ is
slightly enhanced, due the the rapid decrease of R.
An order of magnitude estimation of the final baryon asymmetry at the beginning of
radiation domination can be
|YB(tR)| = |nB(tR)|
s(tR)
∼ λ˜(θ0)R
2
0
2m
R2(tR)
45
2pi2g∗
1
T 3(tR)
, (3.7)
where we denote λ˜(θ0) ≡ λ sin(2θ0) with respect to the initial VEV θ0. The amplitude
at tR is approximated by the scaling of the background density R2(tR) ' cR20H2(tR)/m2,
assuming that R = R0 is nearly unchanged until the onset of oscillation around t = m−1.
The numerical factor c ∼ O(1) accounts for the relative enhancement of R ∼ a−3/2 in the
transition from matter domination to radiation domination. As a result, one finds
|YB(tR)| ∼ c λ˜(θ0)R
4
0
2m3
H2(tR)
s(tR)
∼ c λ˜(θ0)R
4
0
2m3
TR
4M2p
, (3.8)
for m ≤ H∗ where H(tR) ∼ Γ−1I and TR ∼ (90M2pΓ2I/g∗pi2)1/4. In Figure 3, we show the
approximation (3.8) as the green-dotted line with c ≈ 1.5. We note that the result (3.8)
essentially differs from the estimation in [34] by the dilution factor H2(tR)/m2 due to the
fact that we consider a non-instantaneous reheating led by inflaton oscillation.
Let us test the numerical factor c with respect to various initial conditions R0 and
θ0. To be more precise, we shall define |YB,num| = c |YB,ana|, where YB,num(R0, θ0) is the
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Figure 6. The numerical factor c as the ratio between the numerical results of the final baryon
asymmetry (red-dashed lines) and the analytic approximation (3.8) with c = 1 (green-solid lines).
The initial condition θ0 = pi/4 is fixed in the left panel and R0 =
√
3H4∗/(4pi2m2) = r0H∗ is fixed
in the right panel. Parameters with m = 0.5H∗ and λ = 0.12 are used in this figure.
final baryon asymmetry (3.5) via numerical evaluation and YB,ana(R0, θ0) is the analytic
approximation at t = tR given by (3.8) with c = 1. In Figure 6 we compare numerical
results with the analytic formula (3.8) at fixed R0 or θ0. We confirmed that the c factor is
O(1) and c ≈ 1.5 around the maximal CP violation VEVs.
Baryon asymmetry. The baryon asymmetry (3.8) indicates YB(tR) ∝ λ˜ ∝ sin(2θ0),
which exhibits the property YB(R0, θ0) = −YB(R0, θ0+pi/2) with respect to the initial VEVs
{R0, θ0} (see also Figure 4). This reflects the symmetry in the shape of the potential V (R, θ)
of (2.15). As a result, the global expectation value 〈YB〉 averaging over the probability
distribution of all possible initial VEVs vanishes identically (due to the angular integration),
which is the consequence of CP invariance in the original theory (2.4). However, we are more
interested in the global variance of the final baryon asymmetry captured by the non-zero
expectation value
〈
Y 2B
〉
=
∫ 2pi
0
∫ r∗
0
Y 2B(r, θ)ρ[r, θ]rdrdθ, (3.9)
where we use the dimensionless parameter r = R/H∗ for convenience. Here YB(r, θ) stands
for the numerical result at t = tR with {r, θ} the input initial VEVs, and ρ[r, θ] is the PDF
of {r, θ} given by (2.14) and (2.15). Our numerical results show that 〈|YB|〉 ≡ 〈Y 2B〉1/2 =
cavg × |YB,num(r0, θmax)| with 2.3 < cavg < 3.2, depending on the choices of r∗. Note that
we have defined r0 ≡ 〈r2〉1/2 and θmax ≈ npi/4 for n = 1, 3, 5, 7 are initial VEVs around
maximal CP violation.
Let us also examine the averaged asymmetry via the analytic approach. Replacing
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YB(r, θ) in (3.9) by YB,ana obtained in (3.8), we can derive (in the limit of r2∗/r20  1)
〈
Y 2B
〉
ana
=
∫ 2pi
0
∫ r∗
0
Y 2B,ana(r, θ)ρ[r, θ]rdrdθ, (3.10)
' 12× Y 2B,ana(r0, θmax), (3.11)
where the linear expansion of the λ correction in the PDF ρ[r, θ] is used again. One can
see that the θ-dependence in the PDF drops out in the angular average due to the linear
expansion of λ. The factor 12 arises from the integration of r9e−r2/r20 with respect to r.
Since
√
12 ≈ 3.46, the analytic result agrees with the numerical computation up to a O(1)
difference. The results from both the numerical and the analytical approaches indicate
that the baryon asymmetry results from initial VEVs around the largest angular gradient
YB(r0, θmax), or namely the maximal source term of (2.22), is approximately at the same
order of the expected value 〈|YB|〉.
Based on the above findings we now explore the case with a more general baryon-
violating coupling where λ0 6= 0 and λ2 6= 0 in (2.3). In terms of the polar variables, we
have the generalized potential as
V (R, θ) =
1
2
m2R2 + 2R4 [λ0 cos(4θ) + λ1 cos(2θ) + λ2] . (3.12)
One can check that the equation of motion for the angular mode becomes
θ¨ +
(
3H + 2
R˙
R
)
θ˙ = −2R2 [2λ0 sin(4θ) + λ1 sin(2θ)] . (3.13)
Following the same procedure as have done for the special case with λ0 = 0, λ1 = 0.03, we
arrive at the main conclusion of this work as
〈|YB|〉 ∼ |YB(R0, θmax)| ∼ λmaxR
2
0
m
R(tR)
2
s(tR)
∼ λmaxR
2
0
m
R20H
2(tR)
m2s(tR)
, (3.14)
where R0 is the VEV of R during inflation and R(tR) is the amplitude of the radial mode
at the beginning of radiation domination. The parameter λmax ≡
∑
m λ˜m(θmax) means the
maximal value of the combination of λ˜0 = 4λ0 sin(4θ) and λ˜1 = 2λ1 sin(2θ) obtained at
θ = θmax. The last estimation in (3.14) applies to the case of reheating led by coherent
inflaton oscillation.
In Figure 7, we show the scan of angular initial conditions θ0 for the final baryon
asymmetry |YB| with the choice of parameters given by (i) λ0 = λ1 = 0.03 as the red-
dashed line, (ii) λ0 = 0, λ1 = 0.03 as the green-solid line, and (iii) λ0 = 0.03, λ1 = 0
as the blue-dotted line. |YB| is the radial distance from the origin as a function of θ0 at
r0 =
√
3H2∗/(4pi2m2). θ0 is measured in radians, counterclockwise from the positive x axis.
The maximal asymmetry appears around θ0 = npi/8 for the λ˜0 term with n = 1, 3, · · · 13, 15
and for the λ˜1 term with n = 2, 6, 10, 14. However at n = 3, 5, 11, 13 the sign of λ˜0 is
opposite to λ˜1 so that the maximal baryon asymmetry |YB| for the case (i) is generated
near n = 1, 7, 9, 15.
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Figure 7. A scan of the final baryon asymmetry |YB | as a radial function of θ0 ∈ [0, 2pi] at the fixed
value R0 =
√
3H4∗/(4pi2m2) = r0H∗, where YB = YB(R0, θ0) is the numerical result at reheating
complete with respect to initial conditions {R0, θ0}. We use m = 0.5H∗. The coupling parameters
are chozen as λ0 = λ1 = 0.03 (red-dashed line), λ0 = 0, λ1 = 0.03 (green-solid line), and λ0 = 0.03,
λ1 = 0 (blue-dotted line). The dots correspond to θ0 = npi/8.
Before ending this section, we remark that the generation of baryon asymmetry in this
scenario is more like a non-reversible conversion from the source term, the right-hand-side of
(2.22), with spontaneous CP violating initial conditions. The dynamics of field oscillation
itself does not create the baryon asymmetry if the initial conditions preserves CP. This is
the main difference from the spontaneous baryogenesis scenario [48] as there is no CPT
violating couplings at work. In the case with a smaller scalar mass m < H∗, the final
baryon asymmetry can have a larger value and the enhancement is more efficient in the
small mass limit where m/H∗ → 0.
4 Isocurvature constraints
The baryon number carried by the charged scalar may convert to ordinary matter via the
direct decay of φ into Standard Model particles, which is familiar in the Affleck-Dine baryo-
genesis. However, the density fluctuations of baryons generated in this class of scenarios
are isocuvature perturbations for the background radiation as the charged scalar is not the
inflaton field. Observations of the cosmic microwave background have put a constraint on
the fraction of the uncorrelated isocuvature perturbations defined as
βiso =
Piso(k∗)
Piso(k∗) + Pζ(k∗) , (4.1)
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where Pζ ≈ 2.2 × 10−9 is the power spectrum of the adiabatic fluctuations, Piso is the
power spectrum of the isocurvature species and k∗ is the pivot scale of measurements. For
k∗ = 0.002Mpc−1 the observational constraint shows βiso < 0.021 [1]. This may translate
to a constraint to the baryonic fluctuation [31, 32] as∣∣∣∣δYBYB
∣∣∣∣ < ΩDMΩb (βisoPζ)1/2, (4.2)
where for k∗ = 0.002Mpc−1 one finds |δYB/YB| < 3.4× 10−5. In the limit of Ωb → 0, there
is no constraint on the baryon density perturbations.
In the present scenario, the asymmetry YB = nB/s = R2θ˙/s where s is given by the
adiabatic background temperature. The coherent motion of θ˙ is generated only in the post-
inflationary epoch and its value at the end of reheating depends on the initial VEV θ0.
However, θ is a massless field and thus the VEV θ0 in each local patch of the Universe
is stochastically chosen at the time of horizon crossing during inflation. Note that the
quantum fluctuation of a massless field is a constant on superhorizon scales so that the
fluctuation of θ˙ is suppressed during inflation. As a result, the perturbation δYB in a local
Universe (which reenters the horizon in the post-inflationary epoch) is mainly sourced by
the small fluctuations in the initial VEV R0 ≡
√〈R2〉. 4 5 Namely, the baryonic density
perturbation is led by
δYB(x)
YB
=
δR2(x)
R20
=
R2(x)− 〈R2(x)〉
〈R2(x)〉 . (4.3)
By virtue of the Fourier expansion for the quadratic perturbation,
δR2(x) =
∫
d3k
(2pi)3
ei
~k·~xδR2~k =
∫
d3k1
(2pi)3
d3k2
(2pi)3
ei(
~k1+~k2)·~x
[
R~k1R~k2 −
〈
R~k1R~k2
〉]
, (4.4)
where ~k = ~k1 + ~k2, we can compute the power spectrum according to〈
δR2~kδR
2
~p
〉
= (2pi)3δ3(~k + ~p)
2pi2
k3
PδR2(k) (4.5)
=
∫
d3xd3ye−i~k·~xe−i~p·~y
〈
δR2(x)δR2(y)
〉
. (4.6)
Using the Fourier expansion (4.4) and with the help of Wick’s theorem, we can express the
4-point correlation function in terms of 2-point correlation functions. A detail derivation
can be found, for example, in the Appendix B of [31]. After integrating out the spatial
coordinates ~x and ~y one obtain the expression in terms of the power spectrum PR(k) of the
radial mode of the form〈
δR2~kδR
2
~p
〉
= 2δ3(~k + ~p)
∫
d3k1
2pi2
k31
2pi2
q3
PR(k1)PR(q), (4.7)
4We focus on a local Universe with a set of initial conditions {R0, θ0} that gives the correct baryon
asymmetry YB(R0, θ0) = 〈|YB |〉.
5A charged scalar condensate may develop inhomogeneity (on smaller physical scales) during the post-
inflationary evolution with sufficiently large angular velocity (see, for example [26, 49]).
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where q ≡ |~q| and ~q = ~k − ~k1.
The information of the power spectrum PR(k) resides in the two-point spatial correla-
tion function G(|~x1− ~x2|) = 〈R(~x1, t)R(~x2, t)〉 at a given time t. In general, one constructs
the two-point correlation function based on the two-point PDF whose initial condition is
fixed by the one-point PDF of R corresponding to the equilibrium state [9]. Noting that
the angular dependence led by the baryon violating terms is small, we take the one-point
PDF ρ[R, θ] ≈ ρ[R]. As a result, the temporal correlation function of R can be readily
computed as in the massive non-interacting case in [9], which reads
G(|t1 − t2|) = 〈R(~x, t1)R(~x, t2)〉 =
〈
R2
〉
e−
m2
3H∗ |t1−t2|, (4.8)
where
〈
R2
〉
= R20 is the VEV obtained in the previous section.
In a de Sitter invariant background the temporal correlation function can translate
into a spatial correlation function at t via the relation a(t)H∗x = exp(H∗|t1− t2|/2) [9, 50],
where x ≡ |~x1 − ~x2|. We are interested in the spatial correlations over superhorizon scales,
namely x > 1/Hend at the end of inflation t = tend, where Hend = a(tend)H∗. This gives
the spatial correlation function as
G(x) =
∫
d3k
(2pi)3
PR(k)e
−i~k·~x =
〈
R2
〉
(Hendx)
− 2m2
3H2∗ , (4.9)
where PR(k) = 2pi
2
k3
PR(k) and . Adopting the power-law parametrization PR(k) = ARkn,
the correlation function takes the form of
G(x) =
AR
2pi2
x−n−3Γ(n+ 2) sin
[pi
2
(n+ 2)
]
, (4.10)
which implies n = −3 + M∗ with M∗ ≡ 2m2/(3H2∗ ) and AR = 2pi2cn〈R2〉H−M∗end where we
define c−1n = Γ(n+ 2) sin[(n+ 2)pi/2]. Note that cn →M∗ as M∗ → 0.
The power spectrum of R at the end of inflation is therefore given by
PR(k) = cn
〈
R2
〉( k
Hend
)−M∗
. (4.11)
Inserting this result back into (4.7) with 〈R2〉 = R20 leads to〈
δR2~kδR
2
~p
〉
= 2c2nR
4
0δ
3(~k + ~p)
∫
d3k1
2pi2
k31
2pi2
q3
(
k1q
Hend
)M∗
, (4.12)
which indicates the power spectrum
PδR2(k) =
k3
2pi
c2nR
4
0
∫
dk31
1
k31q
3
(
k1q
Hend
)M∗
. (4.13)
To work out this integration it is more convenient to use the dimensionless variables u =
k1/k and v = q/k. The relation q2 = k2 + k21 − 2kk2 cosβ transforms to v = (1 + u2 −
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Figure 8. The parameter scan of the baryon density perturbation δB(m,Nend) with respect to the
scalar mass m and the number of e-folds to the end of inflation Nend, where the colored region is
compatible with the observational constraint |δB | < 3.4× 10−5.
2u cosβ)1/2, where β is the angle between ~k and ~k1. The volume element d3k1 = k3d3u =
2pik3u2du(−d cosβ). After integrating out d cosβ, we find
PδR2(k) = c2n(M∗)R40
(
k
Hend
)2M∗
F(M∗), (4.14)
with the numerical function
F(M∗) =
∫ ∞
1
uM∗−1
(u− 1)M∗−1 − (u+ 1)M∗−1
u(1−M∗) . (4.15)
We note that modes with k1 < k have become superhorizon background before the k-mode
crosses the horizon so that they do not contribute to the perturbation of δR2~k. Therefore
the lower limit of the integration of F(M∗) is u = k1/k = 1.
Finally we obtain the baryonic fluctuation independent of the baryon violating cou-
plings as
δB =
δYB
YB
≈ P
1/2
δR2
R20
= cn(M∗)
(
k
Hend
)M∗
F(M∗)1/2. (4.16)
In the reheating scenario (3.1), the ratio of the scale factor from inflation end to the begin-
ning of radiation domination is aR/aend = (ΛI/TR)4/3, where TR = T (tR) is the tempera-
ture around reheating completed. Assuming that the entropy of the Universe is conserved
after reheating, we can connect the scale factor at present a0 to aR ≡ a(tR) through
a30s(T0) = a
3
Rs(TR), where T0 = 2.73K ≈ 2.35 × 10−13 GeV. We use the Standard Model
value g∗0 ≡ g∗(T0) = 43/11 for s(T0) = 2pi2g∗0T 30 /45. Setting a0 = 1, the perturbation
mode k in the unit of Hend is now given by
k
Hend
= 2pie−Nend
(
TR
ΛI
)4/3(g∗0
g∗
)1/3 T0
TR
, (4.17)
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where Nend means the number of e-folds required from k-mode exits the horizon to the
end of inflation. As a result, the isocurvature constraint |δB| < 3.4 × 10−5 restricts the
parameter space for Nend and M∗ (namely m) as shown in Figure 8. In Figure 8, we have
put a lower bound m/H∗ ∼ 10−3 to prevent the charged scalar to become a massless field,
yet the conclusion is not sensitive to the actual value of the lower bound. One can see that
the baryonic fluctuation is always compatible with observations for a mass m ≥ 0.45H∗.
For m < 0.1H∗ one would need Nend > 102.8 to pass the isocurvature constraint.
5 Summary
We have revisited baryogenesis, in the framework of the Affleck-Dine mechanism, via a
charged scalar field, φ = Reiθ/
√
2, whose initial VEV during inflation is determined by an
extended stochastic method with multi-field configuration and broken continuous symmetry.
The probability distribution of VEVs in general depends on both the radial direction R and
the phase direction θ, where the latter carries information of the spontaneous CP violation.
Due to the smallness of the baryon-number-violating couplings, λm, the θ distribution
investigated in this work is nearly homogeneous and thus the angular VEV θ0 behaves as
a pure stochastic variable during inflation.
We have shown that the final baryon asymmetry YB in a local Universe significantly
depends on the initial value of θ0, given that CP violation is one of the three necessary
conditions to obtain a non-zero baryon number. On the other hand, the global expectation
value, 〈|YB|〉, averaging over all values of R and θ is dominated by the local contribution
YB = YB(R0, θmax) from the initial VEVs with maximal CP violation θ0 = θmax. Note that
R0 = 〈R2〉1/2 is simply the VEV of a massive scalar (without U(1)φ symmetry breaking).
We also remark that θmax depends on the choices of the coupling constants λm, and that
the global value 〈|YB|〉 should be considered as the true physical observable of the presented
scenario with stochastic initial conditions.
Finally, we emphasize that 〈|YB|〉 is a pure number independent of the correlation
length of the radial VEV R0 or any other cosmological scale, whereas the local asymmetry
YB(R0, θ0) based on a set of particular initial VEVs {R0, θ0} is indeed characterized by the
length scale of R0 [25, 34]. In other words, different patches of the Universe with different
initial values of R0 will reach to the same conclusion as 〈|YB|〉. We have considered the
local baryonic fluctuation as a fully uncorrelated isocurvature perturbation to the adiabatic
fluctuations of the CMB radiations and found that a scalar mass m ∼ O(H∗) can be
compatible with observational constraints.
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A Single-field stochastic inflation
In the standard approach of stochastic inflation [9], a quantum field in the de Sitter back-
ground is decomposed into a long-wavelength part and a short-wavelength counterpart. The
short-wavelength part is a collection of quantum modes well inside the Hubble horizon and
it serves as a noise term for the stochastic motion of the long-wavelength component on
superhorizon scales. The probability distribution of the long-wavelength component coarse-
grained around the Hubble horizon can be resolved from the Fokker-Planck equation and
the distribution function is in general time-dependent. In this section we focus on the sta-
tionary solution of the probability distribution function in a field potential of (meta)stable
shape.
A.1 Basic formalism
We review in this subsection the basic equations for computing the field condensation of a
single scalar in de-Sitter space [9]. In the picture of stochastic inflation the superhorizon
fluctuations of a scalar φ comprise as a coherent (auxiliary) field, denoted by φ0. The
one-point probability distribution function (PDF) of φ0, namely ρ1[φ0(x, t)], satisfies the
Fokker-Planck equation [9]
∂ρ1[φ0]
∂t
=
1
3H
∂
∂φ0
(
ρ1[φ0]
∂Veff
∂φ0
)
+
H3
8pi2
∂2ρ1[φ0]
∂φ20
. (A.1)
One can construct the two-point or higher-point PDFs and correlation functions of the scalar
based on the one-point PDF. In terms of the dimensionless variables τ ≡ Ht, x ≡ φ0/H,
U = V/H4, we rewrite the Fokker-Planck equation as
∂ρ1[x]
∂τ
=
1
3
∂
∂x
(
ρ1[x]
∂U(x)
∂x
)
+
1
8pi2
∂2ρ1[x]
∂x2
≡ L ρ1[x]. (A.2)
The right-hand side can be written as the divergence of a current J(x, τ) [47], such that
L ρ1[x] =
1
8pi2
∂
∂x
[
e−8pi
2U/3 ∂
∂x
(
e8pi
2U/3ρ1[x]
)]
≡ − ∂
∂x
J(x, τ), (A.3)
where J is the probability current of the form
J(x, τ) = − 1
8pi2
e−8pi
2U/3 ∂
∂x
(
e8pi
2U/3ρ1[x]
)
. (A.4)
Then the Fokker-Planck equation takes the form of ∂τρ1 + ~∇J = 0. The general solution
of the one-point PDF ρ1 can be written as
ρ1(x, τ) =
∞∑
n=0
αnΨn(x)e
−Λn(τ−τ0), (A.5)
where Ψn(x) denotes a complete set of eigenfunctions of the Fokker-Planck operator L
with the eigenvalues −Λn. The definition of (A.5) implies that Λn should be non-negative,
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or otherwise the n-th state solution is unstable. Taking (A.5) into (A.3), we obtain the
eigenfunction equations
LΨn(x) = −ΛnΨn(x), (A.6)
with suitable boundary conditions depending on the shape of the potential U(x). One
can see that Λn mimics the energy level of Ψn(x) in the Schrödinger-type equation with a
discrete spectrum due to the boundary conditions of the field potential.
Note that L defined in (A.3) is not Hermitian, yet a Hermitian operator can be con-
structed out of L as, for example, LH ≡ eQ/2Le−Q/2 with Q = 8pi2U/3 [47]. For a set
of solutions Ψn satisfying the same boundary condition J(xb) = 0 at a boundary point
x = xb, it is easy to show the self-adjoint of the operator ΨmLHΨn = ΨnLHΨm by using
integration by part for two times. One can also consider another complete set of eigen-
functions Φn ≡ eQ/2Ψn with respect to LH , which share the same eigenvalues with L as
LHΦn(x) = −ΛnΦn(x). Therefore the orthonormal relation for Φn give rise to the relation
among Ψn as ∫ x1
x2
Φm(x)Φn(x) dx =
∫ x1
x2
eQΨm(x)Ψn(x) dx = δmn. (A.7)
Note that Φn is the eigenfunction used in [9] and [36].
It is sometimes convenient to rewrite the Hermitian operator in the form of
LH =
1
8pi2
eQ/2
∂
∂x
[
e−Q
∂
∂x
eQ/2
]
≡ −A†A, (A.8)
where A and its hermitian conjugate A† behave as the ladder operator for the energy level
of the system, and they are defined by
A =
√
1
8pi2
e−Q/2
∂
∂x
eQ/2, A† = −
√
1
8pi2
eQ/2
∂
∂x
e−Q/2, (A.9)
respectively. The ladder operators satisfy the commutation relation [A,A†] = 1
8pi2
∂2xQ. For
a quadratic potential ∂2xQ is a non-zero constant and one can obtain higher-level solutions
from the ground state function Φ0 by virtue of the ladder operators.
A.2 Equilibrium states
If there is enough time for the PDF to reach the stationary condition ∂ρ1/∂t = 0, then J
becomes a constant in x. This implies J = 0 everywhere if the probability current vanishes
at the boundaries of the potential. The solution of J = 0 corresponds to an equilibrium
state obtained from (A.4) as
ρeq1 = e
−Q/Σ, (A.10)
where Σ =
∫ xb1
xb2
e−Qdx is a constant that ensures the normalization condition
∫
ρeq1 dx = 1
in the given region x ∈ [xb1, xb2].
For a bounded potential where the probability current vanishes at x → ±∞, the
equilibrium state is nothing but the ground state solution with Λ0 = 0. Thus we decompose
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(A.5) as
ρ1(x, τ) = ρ
eq
1 (x) +
∞∑
n=1
αnΨn(x)e
−Λn(τ−τ0), (A.11)
where ρeq1 (x) = α0Ψ0(x) is a constant in τ . For a symmetric potential vanishes at the origin,
or namely U(0) = 0, the ground state eigenfunction takes the form Ψ0(x) = e−8pi
2U/3Ψ0(0).
The orthonormal condition (A.7) then implies Ψ0(0) = 1/
√
Σ. Since ρeq1 (x) is the asymp-
totic solution at τ → ∞, we find α0 = 1/
√
Σ by virtue of the normalization condition∫∞
−∞ ρ
eq
1 dx = 1.
Let us consider an example given by the effective potential for φI in (2.11). In terms
of the dimensionless variables the potential reads
U(x) =
λ
4
x4 +
1
2
M2x2, (A.12)
where λ and M = m/H∗ are also dimensionless parameters. Here the normalization con-
stant can be evaluated as
Σ =
∫ ∞
−∞
e−8pi
2U/3dx =
√
M2
2λ
exp
(
pi2M4
3λ
)
K 1
4
(
pi2M4
3λ
)
, (A.13)
where Kn is the modified Bessel function of the second kind. For the parameter space of
our main interest, we have pi2M4/(3λ) 1 so that
Σ ≈ √pix0
(
1− 1
2
pi2λx40
)
, (A.14)
with x20 = 3/(4pi2M2).
In the limit of τ →∞, the expectation value approaches〈
x2
〉
=
∫ ∞
−∞
x2ρeq1 (x)dx ≈
3
8pi2M2
(
1− 9
8
λ
pi2M4
)
. (A.15)
The result for the massive non-interacting scenario 〈x2〉 = 3/(8pi2M2) [9] is recovered at
the limit of λ = 0.
A.3 Quasi-equilibrium states
In the case the lowest eigenvalue Λ¯0  1 is a small but non-zero value, the late-time solution
led by (A.5) at τ  1/Λ¯0 is quasi-stationary. This is the case for a meta-stable potential
U¯(x) with a sufficiently large potential barrier U¯(x∗) 1, where x∗ is the field value at the
local maximum of the potential. The escape rate from inside the potential is proportional
to J(x∗) and can be approximated by the lowest non-vanishing eigenvalue Λ¯0 [47]. Here we
use Λ¯n to denote the eigenvalues for the general solution of the meta-stable potential U¯(x).
As long as the relaxation time scale τrex ≡ ln 2/Λ¯0 [9] is much greater than the duration
of inflation, the eigenstate Ψ¯0 corresponds to Λ¯0 can be taken as a quasi-equilibrium state.
Ψ¯0 is solved according to the eigenfunction equation L Ψ¯0(x) = −Λ¯0Ψ¯0(x):
1
8pi2
∂
∂x
[
e−8pi
2U¯/3 ∂
∂x
(
e8pi
2U¯/3Ψ¯0(x)
)]
= −Λ¯0Ψ¯0(x). (A.16)
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If U¯(x) is symmetric in x ↔ −x, the derivative ∂U¯/∂x vanishes at x = 0. The generic
solution for Ψ¯0 is therefore given by the integration form as
Ψ¯0(x) = e
−8pi2U¯(x)/3
{
Ψ¯0(0)− 8pi2Λ¯0
∫ x
0
dx2
[
e8pi
2U¯(x2)/3
∫ x2
0
dx1Ψ¯0(x1)
]}
. (A.17)
For a very small Λ¯0 due to the large barrier 8pi2U¯(x∗)  1, we perform the expansion
Λ¯0 = Λ¯
(0)
0 + Λ¯
(1)
0 + · · · with Λ¯(0)0 = 0. This implies the zeroth order solution
Ψ¯
(0)
0 (x) = e
−8pi2U¯(x)/3Ψ¯0(0). (A.18)
Inserting the zeroth approximation back into (A.17) gives the first order solution as
Ψ¯
(1)
0 (x) = e
−8pi2U¯(x)/3Ψ¯0(0)
[
1− Λ¯(1)0 f1(x)
]
, (A.19)
where f1(x) = 8pi2
∫ x
0 dx1(e
8pi2U¯(x1)/3
∫ x1
0 dx2e
−8pi2U¯(x2)/3).
Let us consider the effective potential (2.11) for φR corresponds to the meta-stable
shape of the form
U¯(x) = −λ
4
x4 +
1
2
M2x2, (A.20)
where the maximum of the potential U¯max = U¯(x∗) is given by x∗ = ±
√
M2/λ. The
eigenvalue can be fixed by the boundary condition Ψ¯0(xA) = 0, which indicates Λ¯
(1)
0 =
1/f1(xA). For the metastable potential (A.20), the largest possible boundary value xA =
φA/H can be approximated by the critical point at which the classical motion ∆φc ≈
|φ˙∆t| = |∂φV/(3H2)| starts to dominate the quantum fluctuations ∆φq ≈
√〈φ2〉. This
critical point is lightly larger than x∗ for M  1, and for conservative we adopt |xA| ≤
|x∗| =
√
M2/λ. For x∗  1, the largest possible eigenvalue reads
Λ¯
(1)
0 =
1
f(xA)
≤
√
2
9pi2
M2 exp
(
−2pi
2M4
3λ
)
. (A.21)
The existence of a stable state requires Λ¯0∆τ  1 where ∆τ = τ − τ0 ∼ O(60) is the
duration of inflation.
The quasi-equilibrium state ρqeq1 (x, τ) = α¯0Ψ¯0(x)e
−Λ0(τ−τ0) ≈ α¯0Ψ¯0(x) that satisfies
the boundary condition
∫ xA
−xA ρ
qeq
1 (x)dx = 1 indicates α¯0 = Ψ¯0(0) ≈ 1/
√
Σ. The normaliza-
tion constant can be computed as
Σ =
∫ xA
−xA
e−8pi
2U(x)/3dx, (A.22)
≈
∫ xA
−xA
e−x
2/x20
(
1 +
2λ
3
pi2x4
)
dx,
=
√
pix0
(
1 +
λ
2
pi2x40
)
, (A.23)
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where x20 = 3/(4pi2M2). Note that this approximation is valid for the boundary value
(3/(2pi2λ))1/4  xA  x0 and xA  x∗. The expectation value is then〈
x2
〉
=
∫ xA
−xA
x2ρqeq1 (x)dx ≈
3
8pi2M2
(
1 +
9
8
λ
pi2M4
)
. (A.24)
Finally, we remark that the lowest eigenvalue Λ¯0 for the meta-stable potential U¯(x) is in
fact the lowest non-zero eigenvalue Λ1 for the inverted bistable potential U(x) = −U¯(x). To
see this, we denote Q¯ = −Q for the meta-stable potential U¯ such that the ladder operators
(A.9) transform as A¯ = −A† and A¯† = −A. As a result, the Hermitian operator (A.8) for
the meta-stable potential is L¯H = −A¯†A¯ = −AA†. Putting A to the left of the eigenvalue
equation leads to
ALHΦn = −AA†AΦn = L¯HAΦn = −ΛnAΦn, (A.25)
which implies that AΦn ∼ Φn−1 ∼ Φ¯m is the eigenfunction of L¯H . One can check that
the eigenvalue given by (A.21) for the meta-stable potential (A.20) agrees with the lowest
non-zero value Λ1 found in [9] obtained from the double-wall (bistable) potential.
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